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Abstract: Let (C(f)) fe R be a cosine function in a unital Banach algebra. We 
show that if 5 u p t £ r || C ( t ) - c ( t ) || < 2 for some continuous scalar bounded cosine 
function (c(r)) fe r, then the closed subalgebra generated by (C(f )) fe r is isomor¬ 
phic to C k for some positive integer k. If, further, sup tE u\\C(t)-c(t)\\ < ^=, then 
C(f) = c(t) for feR. 
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1 Introduction 

Recall that a cosine function taking values in a unital normed algebra A with 
unit element 1^ is a family C = (C(f)) fe R of elements of A satisfying the so-called 
d’Alembert equation 

C(0) = l^,C(s+f)-i-C(s — t) = 2C{s)C{t) (s £ R, t £ R). (1) 

Equality (1) is also used to define G-cosine families C = (C(g))g £ c over an 
abelian group G, and in particular cosines sequences (C„) ne z- 

A cosine function C = (C(f)) fe R is said to be bounded if there exists M > 0 
such that || C(f) || < M for every t £ K. In this case we set 

IICIloo = supteR\\C{t)\\, dist[Ci,C 2 ) = IICi — C 2 II 00 - 

A cosine function is said to be scalar if C(t) e €.1^ for t e K. It is well-known 
and easy to see that a bounded complex-valued cosine function c takes values 
in [-1,1] and that a bounded continuous complex-valued cosine function satis¬ 
fies c(f) = cos[at) where a = 21 im t ^ 0 1 ~ f c 2 (f) e R. More generally if X is a Banach 
space, and if C = (C(f)) f£ R is a strongly continuous £$(X)-valued cosine func¬ 
tion, then the generator a of C is bounded if and only if the cosine function C is 
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continuous at 0 with respect to the operator norm on SS(X), and in this situation 
C(t) = cos(ta), where cos(ta) is defined by the usual series, see for example (14l . 

Strongly continuous operator valued cosine functions are a classical tool in 
the study of differential equations, see for example |2], (3] , [12], 115], and a func¬ 
tional calculus approach to these objects was developped recently in (9). 

Bobrowski and Chojnacki proved recently in (U that if the set of all bounded 
strongly continuous cosine functions on a Banach space X is treated as a metric 
space under the operator norm on £%(X), then the isolated points of this set are 
precisely the scalar cosine functions. 

They also gave a quantitative version of this result, by showing that if a strongly 
continuous operator valued cosine function on a Banach space C(t) satisfies 
snp t >o\\C{t) - c(f)|| < 1/2 for some scalar bounded continuous cosine function 
c(t) then C[t) = c(t) for t eR, and Schwenninger and Zwart showed in (T6j that 
this result remains valid under the condition s up t >o || C( t) - c{ t) || < 1. An elemen¬ 
tary proof of this result is given by Chojnacki in (7). 

The purpose of this paper is to show that this result holds when sup t >o\\C{t)- 
c(f)|| < ^=, which is the optimal constant since sup tE »\cos{at) - cos(3at)\ = 

^t= for every a 0 , and that no continuity condition on C is needed if the scalar 
bounded cosine function c is assumed to be continuous, see theorem 3.6 (ii). In 
fact, this "0 - law" was already proved in a very recent paper by Bobrowski, 
Chojnacki and Gregoriewicz (5), which appeared after the present paper was 
submitted. The methods developed here vary in various aspects from those used 
by Bobrowski et al. 

We also point out that the ’generic’ distance between two continuous real¬ 
valued bounded cosine functions is 2 , a consequence of the fact that finite inde¬ 
pendent subsets of the torus are "Kronecker sets": if a ^ 0, then the set Q(a, m) := 
{b> 0 sup t E®\cos{at)-cos{bt)\ < m} is finite, and every be fl(a, m ) has the form 
b=! f’ where p^areodd, gcd{p, q) = l,l<p< flrcc J (wl _ 1) , 1 < q < arcco * {m -p • 

This description of the set Q. {a, m) leads to a description of cosine functions 
C = (C(t)) fe K in a Banach algebra A satisfying sup [e n\\C{t)-c{t)\\ = m when m < 

2. In this case we show in theorem 3.6 (i) that there exists k< card (D(a, m)) such 
that the closed subalgebra Ai generated by C is isomorphic to C k , and we also 
show that there exists a family pi,..., p^ of pairwise orthogonal idempotents of 
Ai and a family (hi,..., bk) of distinct elements of Q(a, m) such that we have 

k 

C(t) = ^ cos(bjt)pj. 
j =i 

This implies in particular that if a cosine family (C( f)) fe r satisfies sup te n\\C{t)~ 
1^|| < 2, then C(t') ~ 1 4 for t e K. This result was proved very recently by Schwen- 
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ninger and Zwart in |T7]| for strongly continuous cosine families of bounded op¬ 
erators, but the general case seems new. 

The description of the set Q.ia, m) pertains to folklore, but the operator the¬ 
oretical part of the proofs seems new. It is based on the fact that every bounded 
cosine function (C(f)) re R taking values in a commutative unital Banach algebra 
having a unique maximal ideal is scalar, see theorem 2.3 and corollary 2.4 in 
section 2 . 

Since sup n > i11 - cos (pp) | = |, the constant does not work for cosine 
sequences. It is nevertheless possible to show that if a G-cosine family C in a 
unital Banach algebra A satisfies sup gE G || C(g) - c(g) || < for some bounded 
scalar G-cosine family c, then C(g) = c(g) for g e G. and the constant ^ = 
max n > 1 1 cos (ip) - cos (pp) | is obviously optimal. Details will be given else¬ 
where. 

The author would like to give his very warm thanks to the referee for his 
insightful comments and corrections. 


2 Cosine sequences in commutative local Banach algebras 


Set f{x) = arccosix). Then fix) = --=k=, and we have, for xe] — 1,1 [ 


7 r^ = 1+I 

Vl-X z n= 1 


v/nG 

i-l) n ( 


nl 


r --fj...|---n + f | x' 


,2 n 


+oo 


= l+£ X 2n 

L-,_ 9 2 n, 


“l 2 2n ril 2 

Hence we have, for xe(-l, 1), with the convention 0! = 1, 


TV 

arccosix) = -) „ „ 

2 ~o 2 2n i2n+ l)n ! 2 


+oo 


(2n)! 


J2 1 


It follows from example from Stirling’s formula and Riemann’s criterion that 
the series L 92 ,, r ,~" is convergent, and it follows from Abel’s lemma that the 

n =0 z 1 

power series expansion of arccosix) remains valid for x = 1 and x = -1. Since 
arccosi- 1 ) = n, we have 


+ 2 ? ( 2 ri)\ _ n 

~o 2 2 "( 2 n+ l)n ! 2 “ 2' 

Now let A be a unital Banach algebra of unit element 1^. We will write A = 
A.Ia when A is scalar if there is no risk of confusion. We define e x by the usual 
series and set, for xe A, 
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cos(x) = 


+oo 


L(-d” 

n =0 


X 2n 

( 2 n)\’ 


so that cos[x + Z 7 tn) = (-l)' J cos(x) for ne Z. When ze€, this gives the usual 
cosine function of a complex variable z. 

Let A be the Gelfand space of A, i.e. the space of all algebra homomorphisms 
from A onto C. Notice that if ^ e A we have 


%{cos{x)) = cosixM). 

If sup n >i||x”|| < M < + 00 , then the series f - E 2 2 ”f 2 n+n »! 2 x2 ” +1 i s con ver- 

n= 0 z 1 ' 

gent, we can set 


and we have 


n +2? 

arccos(x) =- 

2 n =o 


(2w)! 

2 2n [2n + l)n\ 2 


2n+l 

A , 


||arccos(x)|| < 


M+l 

-;r,X(arccos(x)) = arccos(j(x)) (j e A). 


( 2 ) 


Also it follows from standard properties of the holomorphic functional cal¬ 
culus that cos(arccos[ Ax)) = Ax for |A| < 1. By continuity, we obtain the tauto¬ 
logical formula 


cos(arccos(x )) = x. (3) 

Proposition 2.1. Let A be a unital Banach algebra, and let{c n ) ne z c A be a cosine 
sequence. If sup n >\ || c n \\< M < +oo, then sup p > 1 1| c„ || < M for n> 1, and we have 

M+l 

\\arccos{c n )\\ < —-— n. (4) 

Moreover Spec(c n ) c [-1, 1 ] for every ne N, and for every character x on A we 
have 


xic n ) = cos{nf x ) (n > 1 ), 
where(3 X = ^(arccos(ci)) = arccos(x(ci)) e [0,7r]. 

Proof: Let p > 1, and assume that we have 

P 

c i = E a fc,p c t-> (5) 

k =0 
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where > 0, 
obtain 


P 

Y ctk p - 1> which is trivially true for p = 1. Using (1), we 

fc=o 


r p+1 _ 
L i 


a k,p i a k,p 

Y a k,p c l c k = a 0,pCl + Y ~X~ c k- 1 + 2^ ~5“ c fc+l 
fc=0 fc=l ^ fc=l ^ 


^ a fc+1 , p P + 1 a*_ llP P + 1 

tt0,p^i+ 2_, „ Ck + Y 9 Ck ~ Y ®“k,p+lCk) 

k =0 Z fc=2 Z fc=0 


where 


£U,p Q^.p ® k-l,p + ®fc+l,p _ , 

« 0 ,p+i = «1,P+1 = « 0 ,p + —,ai:,p+i =---for 2 < k < p - 1, 

^P>P 

®p,p +1 = ~ >®p+i,p+i = ~ • 

p+l 

Clearly, a^.p+i ^ 0 , and Y a fc,p = 1 . We thus see that (5) holds for every p > 1 . 
k=0 

Hence s«p p >il|cf || < m. Applying this result to the cosine sequence [c nm ) mE z, 
we see that sup p >\ || |] < M for every n > 1. Inequality (4) follows then from (2). 

If x is a character on A, then the sequence (j(c„))«>i is a bounded complex¬ 
valued cosine sequence. Henc exic n ) £ [-1,1] for n> 1, and we have c n = costnfi) 
for n > 1, where ft is any real number satisfying C\ = cos(fi). This holds in partic¬ 
ular when /3 = p x = x(arccos(ci)) = arccosixici)) e [Q,n]. 

□ 

Since cos{arccos{c\)) = ci, we have cos(narccos{ci )) = c n , and we obtain 

an alternative approach to the group decomposition given in Q by setting v = 

giarccos(ci) 

Now define the sine function and the "cardinal sine" function on a unital 
Banach algebra A by the usual formulae 


OO 


sin{x) = Y_ (-1)” 
n -0 


^. 2 / 2+1 
{2n + 1)!’ 


OO 


sinc{x) = Y (-1)" 

n= 0 


X 2n 

(2n+l)!’ 


so that sinc{ 0) = 1, xsinc{x ) = sin(x). We have again ^(sz'n(x)) = sinixM) 
and j(sz'nc(x)) = sz'hc(j(x)) for j e A. For x,y £ A such that yx = xy, we have 
the usual formula 


iy-x\ (x + y\ 

cos(x) - cos(y) = 2sin [——J sin[ —-—J. 

Recall x e A is said to be quasinilpotent if lim„^ +00 ||x' 2 || = 0, which is equiv¬ 
alent to the fact that j(x) = 0 for every x £ A if A is commutative. 
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Lemma 2.2. Let A be a commutative Banach algebra, letxeA and y £ Abe two 
quasinilpotent elements of A and let A £ €. 

(i) IfA € n Z, and if cos{A.1a + x) = cos{A.1a + y), thenx= y. 

(ii) If A £ TtZ, and ifcos{A. 1,4 + x) = cosIAAa + y), then x 2 = y 2 . 

Proof: If cos{A.\a + x) = cos{A.\ a + y), we have 


sin 



2 > 


= 0 . 


If A C nZ, we have, for % e A 


x[sin^A.\A+ X = sini A) 0 , 
and so sin [A A a + ppp is invertible and further 


ty-x\ 
(x- y)sincy ——J 


= 2 sin 




Since % [sine = sinc{ 0) = 1 for every % e A sinc {-is invertible and 


x = y. 


If A £ nZ, then we have cos(x) = cos(y), which gives 

, , iy~x\ . tx + yt . ty-x\ . tx + y\ 

(y - X )sincy —— J sinc \—^—J = Asm -—J sin —J = 

We see again that sinc (^p) and sinc (pp) are invertible, which shows that 


= 0 . 


2 2 
xr = y 2 . 


Theorem 2.3. Let ( c n ) ne z be a bounded cosine sequence in a Banach algebra A, 
and assume that spec[c{] is a singleton. Then (c n ) n >i is a scalar sequence, and 
there exists b£ R such thatc n = cos{nb).\Afor n> 1 . 

Proof: Set M = sup n >i\\c n \\. We can assume that A is a commutative Ba¬ 
nach algebra generated by ci, so that A consists of a single character %■ Lei 
A n = j(c„) be the unique element of spec[c n ), and set (5 = f x = arccos(xici)) = 
Xiarccos(ci)), so that A n = cos{n/3) for n > 1 . 

Set x n = arccos[c n ). Since c n = cos[x n ), we have cos{nf) - cosixlxf)). It fol¬ 
lows then from standard properties of the cosine function on C that there exists 
k n £ Z such that x(x„) = ±n(3 + 2k n n, and we have x (*i) - f- 

If x(x n ) = nf+2k„n, set y n = x n -2k n n.l A , andif y(x„) = -nf>+2k n n set y n = 
-x n + 2k n TtAA> with the convention y n = x n -2k n n.lA when (5 = 0. Theny(y, ; ) = 
nf> = j(nxi), and cos(y n ) = cos(x n ) = c n = cos(nx i). Since A is a singleton, y n - 
nfi.lA and nx\ - nf.lA are quasinilpotent. When ^ 0 and follows from 

item (i) of Lemma 2.2 that y n - nf.lA = nx i - nfi.lA, and hence y n = nxi. 
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But \\y n -nf.l A \\ = Wy n -X(yn)-lA\\ = \\±{x n -x[±x n ).l A )\\ < (1 +n)M. Hence, 
given that \\y n - nf.\ A \\ = n\\x\ - f.l A \\, we see that x\ = f.l A , (c„) n >i is a scalar 
sequence, and c n = cos{nf).l A for n > 1. 

If /S = 0, then %{x n ) £ [0, jt] n27rZ = {0}, y n = x n and nx\ are quasinilpotent, 
and it follows from item (ii) of Lemma 2.2 that x 2 n = n 2 x\. Since the sequence 
(,x 2 ) n >i is bounded, we have x\ = 0, C\ = \ A and so c n = 1a for every n > 1. If 
(3 = n, set c' n = C 2 n for n > 1, and set ft = arccoslx (<^)). Then (c',)„>i is a cosine 
sequence. Since f>' = 0, we have 2c^ -l A = C 2 = c[ = 1^, and (ci - 1 a)(A + 1a) = 

0. Since scpec{c{] = {-1}, C\ - l A is invertible, C\ = -1a, and c n = (—1)”.1a = 
cos{nn).I A for n > 1. □ 

Recall that a commutative unital Banach algebra A is said to be local if it 
possesses a unique maximal ideal. We obtain the following corollary. 

Corollary 2.4. Let G be an abelian group, and let C = (C(g))g e c be a bounded 
cosine family in a commutative unital local Banach algebra. Then C is scalar, 
and so there exists a bounded cosine family (c(g))g £ c with values in [-1,1] such 
thatCig) = c{g).l A forg £ G. 

3 When the distance to a bounded cosine function is strictly 
less than 2 

A standard result shows that every bounded complex cosine function c takes 
values in [-1,1], The following observation, which is the cosine counterpart of 
a standard result for discontinuous one-parameter unimodular groups, see 11311, 
section 4.17, is certainly well-known. 

Proposition 3.1. Let (c(r)) fe R be a discontinuous bounded complex cosine func¬ 
tion. Then for every a £ [-1,1] there exists a sequence [t n ) „>i of positive real num¬ 
bers such thatlim n ^ +00 t n = 0 and lim n ^ +00 c{t n ) = a. 

Proof: The identity 

(1 - c(s- f))(l - c(s+ 0) = (c(0 - c(f)) 2 

shows as is well-known that this bounded cosine function with values in 
[-1,1] is discontinous at 0. Denote by G the set of all real numbers x for which 
there exists a sequence (f„)„>i of positive reals such that lim n ^ +OQ t n = 0 and 
lim n ^ +00 c{t n ) = cos(x). Then nG + 2nZ c G for every n £ Z, G is closed, and 
G ■£ 2nZ. Let x e G n (0, n]. If is irrational, then the sequence {e mx )„>i is dense 
in T, and so G = R. If ^ is rational let u be the smallest positive integer such 
that e lux = 1. Then e^tr = e ipx for some p > 1, and so j £ G. Let (f„)„>i be a 
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sequence of positive reals converging to 0 such that lim n ^ +00 c[t n ) = cos{^-), 
let q > 2, and let a be a limit point of the sequence c (-^r) >1 . There exists y e R 
such that cos (y) = a, so that ye G, and such that y = qfr + qpfk = (1 + ku)^. Then 
gcd{ 1 + ku, u q ) = 1, and there exist a positive integer r such that ry- e 2tiZ, 
so that ^eG. This implies that G = R. □ 

Corollary 3.2. Let ael, and Zef (c(f)) feR he a discontinuous bounded scalar co¬ 
sine function. Then sup tE ^\cos{at) - c(f)| = limsup t ^\cos{at ) - c(f)| = 2. 

Corollary 3.3. LetX be a Banach space, let (c(t)) re /> be a scalar cosine function, 
and let (C(f)) feR he a bounded strongly continuous cosine family of bounded op¬ 
erators on X such that su p feR || C{t) - c(t)Ix\\ <2. Thenclt) is continuous, and so 
there exists a e K such thatc[t) = cos[at) for teR. 

Proof: Let x e X such that ||jc|| = 1. If c( t) were discontinuous, there would 
exist a sequence (f„)„> i of positive real numbers such that 

l i Wln^+oo in — H tn r i—,+ OQ cltn) + 1 = 0 , 


which gives 


sup t€R \\C(t)-c{t)Ix\\ > lim n ^ +00 \\C{t n )x-c(t n )x\\ = lim n ^ +00 {l-clt n ))\\x\\ = 2. 

□ 

The following observation is an easy consequence of Kronecker’s theorem 
on independent finite subsets of the unit circle. 

Lemma 3.4. Let a, b be two real numbers. If pa - qb ^ 0 for Ip, q) e Z 2 \ {0,0}, 
then sup tE ^\cos{ta) - cos{tb)\ = 2. 

Since sup tE R |1 - cos{bt) \ = 2 for every h ^ 0, we can restrict attention to the 
case where a ^ 0 and h ^ 0. Denote by T the unit circle. If pa - qb C 2nZ for 
lp,q) £ Z 2 \ {(0,0)}, then the set {[e ia ,e lb )} is independent, and it follows from 
Kronecker’s theorem, see for example (TT] , p. 21 that the set {( e ina , e inb )} nEZ is 
dense in T 2 , which implies that sup n >\ \cos(na) - cos{nb)\ = 2. 

Now assume that pa- qb = 2kn for some ( p , q) e Z 2 \ {(0,0)} and some k e Z. 

If p = 0, then we have h = with k > 1, q > 1. If ^ is irrational, then 
{e inc,a } n >i is dense in T, and we have 

sup n >i \cos(naq) - cos(nqb)\ = sup n >i \cos[naq) — 11 = 2. 

Otherwise ^ is rational, and so is f } . 
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Now assume that p £ 0, q ^ 0, and lc ^ 0. If | is rational, then ^ is rational, 
and | is rational. Otherwise we have, since the set {e ian } n >\ is dense in the unit 
circle, 


sup tE $n\cos{bt ) - cos{at )\> sup n > i cos|b( 2 Am + 1 )-^-) - cos(a( 2 fcn + 1 ) 


_1 

' 2A: 


cos|o( 2 fcn + 1 )~Y - ( 2 fcn + l) 7 tj - cos [a{2kn + l)-y 


cos^an + j p) + cos^on + q 


a 

2k > 


= 2 . 


Hence k = 0if sup tE K\cos[ta )- cos[tb)\ <2.0 


Lemma3.5. Let a > 0, and set Q(a, m) := {b> 0 | sup f£ R| cos(ta) - cos(tb) \ < m} 
for m > 0 . 

(i) Ifm< 2, then D.{a, m) is finite, and every b £ Q(a, m ) has the form b = 
where p, q are odd, gcd{p, q) = l,l<p< arcco n s(m _ iy l <q< „ rfC J (H ,- ir 

(ii) Ifm < ^=, then 0 (a, m ) = {a}. 

Proof: Assume that m <2. Since 0(0, m) = {0}, we can assume that a > 0. 
Let b £ Q(a, m). Then b ^ 0. We may restrict attention to the case where a = 1, 
and there exists positive integers p and q such that b = with gcd{p, q) = 1. If 
p or q were even, we would have sup t Eu\cosit) - cos{bt)\ > sup n >i\cos(npn) - 
cos{nqn) \ = 2, and so p and q are odd. 

It follows from Bezout’s theorem that there exists (u,v]£ Z such that 2 up- 
(2v + 1 )<7 = 1. We have 


cos[bt)\ > cos[2utc ) - cos 

'2upn' 

1 n ' 
= 1 - cos (2v + 1)tt h— 


q 

l q) 


= 1 + cos 


n 


W 


Hence q < nrcco n s(m _ l) - Since sup tEU \cos{t)-cos{bt)\ = sup f£R |cos(t)-cos(|)|, 
the same argument shows that p < arcco ^ m _ 1) • This proves (i) 

(ii) If m < 1 + cos(|) ~ 1,8090, then arccos{m - 1) > f and so every b £ 
Q(a, m) can be written under the form b = where 1 < p < 5 and 1 < q < 5, 
with p and q odd, gcd(p, q) - 1 and so Lt(a, m) c {|,a,3a}. 
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An elementary computation shows that \cos{t) - cos{3t)\ attains its maxi¬ 
mum when cos{t) = +-4=, which gives 

8 

max tE u = |cos(f) - cosjtl 3) | = max tE u\cos(t) - cos(3f)| = —— « 1.5396. 

3V3 

Hence Q{a, m) = a, 3a} if <m< 1 + cos(f), and Q(a, m) = {a} if m < ^=. 

□ 

We obtain the following theorem. 

Theorem 3.6. Let (CUbfei be a cosine function in a unital Banach algebra, and 
letAi be the closed subalgebra of A generated by (C(t)) feR . 

(i) Ifm:= supteR ||C(t) - cos{at).\ A \\ < 2 for some aeR, then A\ is isomor¬ 
phic to C k for some k < card (Q(a, m )), and there exists a family pi, ..., p^ of pair¬ 
wise orthogonal idempotents of A] and a family b\, ..., b^ of distinct elements of 

k 

D.[a,m) such that C (f) = cos(bjt)pj for t eK. 

(ii) Ifsup tE u l|C(f) - cos(af).l|| < for some aeR, then C(t) = cos(at). 1^ 
for teR. 

Proof: (i) Let % e ^i- Then it follows from Corollary 3.2 that there exists b x e 
Q(a, m ) such that j(C(f)) = cos[tb x ) for t e K. 

Since b 2 = 2Zim f _ 0 the map j -> is one-to-one, and it follows 

from Lemma 3.5 that Ai is finite. 

Let Xi< ■ ■ ■ > Xk be the elements of A^ It follows from the standard one-variable 
holomorphic functional calculus, see for example 0, that there exists for every 
j < k an idempotent pj of Aj such that Xj iPj) = 1 and %i iPj) = 0 for z ^ j■ Hence 

k 

PjPi = 0 for j t i, and 1^ = l Al = L Pj- 

i=t 

Let xe At Then {pjC{t)) tEU is a cosine function in the commutative uni¬ 
tal Banach algebra pjAi, spec PjA fp ; C(1)) = {j ; (C(l))}, and {cos(at)p j) tER is a 
scalar cosine function in pjAi. Since sup tE u \\cos{at)pj- pjC(t)\\ < 2\\pj\\, the 
cosine function (p/C(f)) fe R is bounded, and it follows from theorem 2.3 that 
( pjC{nt)) nE z is a scalar cosine sequence for every t e R. So {pjC(t)) tE u is a scalar 
cosine function, and pjC(t) = Xj(C{t)pj = cos(bjt)pj, where bj = b Xj e D.{a, m). 
We obtain 


k k 

at) = Y cwpj = Y cos{tbj)pj (teR). 

7=1 7=1 

Since the algebras PjA\ are one-dimensional, Aj is isomorphic to C k . 
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(ii) If m < ^=, then D(a, m) = {a}, k = 1, p\ = 1^ and C(t) = cos{at).lA■ □ 

Since 0(0, m) = {0} for every m < 2, we obtain the following result, which was 
obtained recently by Schwenninger and Zwart in Q7] for strongly continuous 
operator valued cosine functions. A very short argument to prove a weaker result 
with the constant 3/2 instead of 2 is given by Arendt in [Q. 

Corollary 3.7. Let (C(f)) f£ R be a cosine function in a unital Banach algebra A. If 
sup t Eu\\C{t)- l^H <2, thenC{t) = lAforte R. 

Let C = (C( f)) te R be a bounded strongly continuous cosine family of bounded 
operators on a Banach space X. Bobrowski and Chojnacki observed in 0] , lemma 
3 that if supteu\\C(t) - c{t)Ix II < 1 then the generator of C is bounded, assuming 
that the scalar cosine function c is continuous. The following corollary, which is 
an immediate consequence of collorary 3.3 and theorem 3.6, shows that the con¬ 
tinuity condition on c{t) is redundant, and that the generator of C(f) is bounded 
whenever sup teR ||C(f) - c{t)Ix\\ < 2. 

Corollary 3.8. Let X be a Banach space, let (c(f)) re /; be a bounded scalar cosine 
function, and let C = (C(t)) t E r be a bounded strongly continuous cosine family 
of bounded operators on X such that sup fe ral|C(t) - c(t)Ix\\ < 2. Then there exists 
uel such that c[t ) = coslat) for teR, and the conclusions of theorem 3.6 hold. 
In particular the generator of the cosine function C is bounded. 
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